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Mine tailings are increasingly recognized as potential yaluable mineral
resources. This study applies magnetic susceptibility analysis to three boreholes
in flotation tailings from dumps at the Pb-ZnRudnik Ming, Serbia. The samples
were obtained over a small spatial distance (10 cm), allowing for the application of
various statistical methods with the obtdainedsdataset. The results indicate that
the mutual similarity among boreholés, canmot be established with statistical
significance; however, certain zones between boveholes exhibit some similarities.
These variations are attributed to anthropogenic deposition, where local materials
were intermixed and arbitrarily deposited during mining and processing,
preventing clear statistical eorrelations. The study identifies key zones of interest
in all three boreholes for furtherigeochemical and mineralogical investigations.
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1. Introduction

Recent @dvancemeénts in the field of mining have led to the growing
recognitionwef mining tailings as valuable mineral resources (Jawadand and
Randive,"2021). These by-products once considered environmental liabilities
(Bargaza etal., 2024), now offer new opportunities for economic gain, providing
supplemeéntary revenue streams for mining companies. In particular, flotation
tailings are increasingly seen as key components in the recycling and reuse of
materials, which in turn reduces the need for new resource extraction and
contributes to environmental conservation. This shift in perspective presents
a range of benefits, including economic growth, job creation, and technological
advancements in the recycling sector, making the utilization of mining tailings
a promising avenue for sustainable development.

Flotation tailings are a specific type of mine tailings generated from the
flotation process, which is a chemical method used to separate hydrophobic
(water-repellent) materials from hydrophilic (water-attracting) materials
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(Jain et al., 2025). The term "heavy metals" denotes metals and metalloids
(Tchounwou et al., 2012) associated with environmental contamination and
potential toxicity to humans and the local ecosystem (Jaishankar et al., 2014
Briffa et al., 2020). The mining industry produces tailings especially inclined
to elevated concentrations of heavy metals, which may result in adverse health
outcomes if these metals infiltrate the human body (Liu et al., 2023). The
environmental impact of tailings can accumulate over time or manifest
abruptly due to external triggers such as earthquakes or flooding (Su et al.,
2024), which can lead to larger environmental problems. Numerous
environmental contaminations resulting from tailing storage have_ been
documented in the Republic of Serbia, including Valja Fundata“(Majdanpek)
in 1974, Saski potok (Majdanpek) in 1996, and Stolice (Krupan))am201 24(Nisi¢
et al., 2024).

As the technology for refining and reusing material, from tailings
advances, tailings are increasingly regarded not as wagte but as a mineral
resource that can be further utilized (Cacciuttelo et ak, 2023). Innovative
methods for assessing heavy-metal concentratiomyin materials have been
established, notably the magnetic susceptibility (MS)$technique, where either
volume- specific MS (x) is measured or mass- specific MS is measured (¥). In
the last twenty years, laboratory measurements of MS, typical for
paleomagnetic investigations, have been utilized in ecology, particularly for
identifying and assessing the spatial distribution of (anthropogenic) heavy
metals (Lecoanet et al., 1999; Péetrovsky et al., 2000; Karimi et al., 2011; Wang,
2013; Brempong et al., 2016;"Quwdeika et al., 2020). Magnetic susceptibility
depends on the geochemical andymineralogical composition of the material
being studied (Frances,ethal., 2017), particularly the presence of iron-rich
magnetic minerals. Magneticyminerals are characterized by their affinity for
other elements, especially heavy metals (Bityukova et al., 1999; Boyko et al.,
2004; Hanesch/andySchloger, 2005; Kim et al., 2010; Salehi et al., 2013;
Zawadzki et @1.32015; Brempong et al., 2016; Jaffar et al., 2017; Vasiliev et al.,
2020). Assessments. of MS in mining tailings have demonstrated a robust
positive“ecorrelation between heavy metal presence and elevated MS values
(Jordanovaset al., 2013; Gémez-Garcia et al., 2015; Lam et al., 2020). In
contrastyto_traditional methods necessitating specialized sample preparation
and extended timeframes for results, laboratory measurements of MS demand
no special sample preparation and provide rapid results at a considerably
reduced cost (Hanesch and Scholger, 2002; D’Emilio et al., 2010). Moreover,
the samples remain unaltered following MS measurements and are suitable
for subsequent geochemical (such as X-ray fluorescence analysis, instrumental
neutron activation analysis and inductively coupled plasma mass
spectrometry etc.) or mineralogical examinations (such as optical and electron
microscopy (SEM/EDS), FTIR spectroscopy etc.). This investigation can thus
function as a rapid and effective proxy method for evaluating environmental
conditions and identifying primary sources of heavy metals (Morales et al.,
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2016; Yurtseven-Sandker and Cioppa, 2016; Petrovsky et al., 2000; Wawer,
2020; Jabtonska et al., 2021). The application of suitable statistical methods
enables the acquired data to serve as a semi-quantitative instrument for
characterizing mining tailings (Lam et al., 2020). The initial study of the
correlation between X and heavy metal concentration in flotation tailings from
the Rudnik mine was done utilizing samples obtained from 16 depth intervals,
reaching a maximum depth of 8 meters (Abramovié et al., 2022). Geochemical
analysis indicated that increased X values were associated with samples
containing Fe (r=0.891), Co (r=0.875), Cr (r=0.562), As (r=0.572), and Cu
(r=0.451). A strong correlation was also identified with Bil (r=0.841)
(Abramovi¢ et al., 2022).

The objective of this research is to statistically analyze the X values
acquired from three boreholes, assess the degree of similarity, ‘among the
materials from these boreholes, identify zones of intexest W(ZID) for further
analyses, including geochemical and mineralogical tests, and evaluate the
applicability of various time-series analysis methods onyspatially dependent
data. All previously mentioned objectives, exceptithe final one, pertain to
conventional exploration techniques that utilize statistical methods to acquire
supplementary information from the measured data. The final objective, which
involves the application of time-series analysissmethods, was examined in this
research paper to determine whichy methods yield novel insights into
univariate, spatially-dependent data.

2 'Methods and data

2.1. Characteristics of the flotation tailings of the Pb-Zn Rudnik mine

The flotation tailing is located near the active Rudnik mine in central
Serbia (Fig. 1b). The Rudnik mine has been an important regional source of
polymetallic ofe, producing ~13 million metric tons of Zn, Pb, Cu, and Ag to
date (Jelenkovic'et al.;2008; Popovi¢ and Umeljié, 2015).

Thepolymetallic ore is hosted within over 90 ore bodies, associated with
two main geological units: the contact metamorphic rocks and the extensive
volcanicyas well as shallow intrusive facies of quartz latite (Cvetkovié et al.,
2016; Retrovic et al., 2024).

The ore bodies are composed of sulfide minerals, with pyrrhotite being the
most abundant. Other major ore minerals include sphalerite, galena, and
chalcopyrite, while gangue minerals such as arsenopyrite and pyrite are also
present (Stojanovi¢ et al., 2016). The metal content in the ore varies
significantly, with Pb ranging from 0.94 to 5.66 wt%, Zn from 0.49 to 4.49 wt%,
Cu from 0.08 to 2.18 wt%, and Ag ranging from 50 to 297 pg/g (Stojanovié et
al., 2018).
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This study focuses on investigating flotation tailing of the Rudnik mine
(Fig. 1). Tailing formation at the Rudnik mine began in 1953 due to the
flotation process used to produce concentrates of K/PbS, K/CuFeS,, and K/ZnS.
Over the course of mining and flotation operations, more than 11 million tons
(approximately 7 million m?®) of flotation by-products have been generated and
deposited in the tailings. As a result, the flotation tailings now form an oval
shape, stretching in a southeast-northwest direction, covering an area of about
41 hectares and reaching depths of up to 40 m (Fig. 1c).

! Befgrade
s

! ©® RUDNIK

~n
8 .
Montenegro "™y
o
)
(AN
L
e

Figure 14(a) Location of the Republic of Serbia within SE Europe; (b) The location of the Rudnik
mine in the Reépublie of Serbia; (c) Satellite image of the spatial distribution of the three boreholes
(RJ-1,7Rd-2 and RJ-3); (d) Field photograph of the mine tailing site with the place of the three
boreholes;,

Internal, unpublished investigations conducted at the Rudnik mine
indicate that the flotation tailings are mainly composed of fine-grained
material (<0.074 mm) (Obrenovi¢ et al., 2025). The tailings are mainly
composed of aluminosilicate minerals, such as quartz and feldspar, which
together make up over 60% of the material. Additionally, smaller quantities
(5—-10%) of clay minerals are present, along with trace amounts of residual Pb,
Zn, Cu, and Fe, collectively accounting for up to 1% of the tailings. This
composition reflects the mineralogical characteristics of the ore and the
flotation process, which concentrates the valuable metals.
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Samples for this study were collected from three boreholes, designated
RdJ-1, RJ-2, and RJ-3, located at the northwestern boundary of the flotation
tailings pond (Fig. 1d). The boreholes were drilled during the summer of 2024
in the drier section of the pond, with the first and second boreholes spaced 30
m apart, and the second and third boreholes 50 m apart. The first borehole is
situated in the older section of the pond, while the other two are located along
the embankment formed by the deposition of tailings from the hydrocyclone.
Both the older section and the embankment contain recent material up to 2
meters thick, beneath which lies flotation waste material. The total core
lengths for the three boreholes were 11.9 m, 13.4 m, and 14.6 m, réspectively.
Samples were collected from each borehole in 10 cm incrementsyTesultingiin a
total of 356 samples from the three boreholes.

2.2. Magnetic susceptibility sampling and measurements

The sampling of the tailing embankment at Rudnik swas conducted using
exploratory boreholes, from which samples were egxtracted from the core at 10
cm intervals. The high-resolution samples facilitated the collection of
extensive data for MS measurements, thereby allowing for precise spatial
tracking of changes in the tailing material. Subsequent to the systematic field
sampling, the samples collected from the Rudnik tailing were initially dried
under ambient laboratory conditions fox seweral weeks, after which all of the
samples were packed in 12 c¢cm3 Bartington MS2B sample containers for
subsequent processing. The” “second “step involved obtaining mass
measurements using the Radwag AS 220.R2 Plus laboratory scale to enable
calculations of y. y measurementswere conducted using the Bartington MS2B
sensor in conjunction with'the Bartington MS3.

X measurements of empty sample containers were conducted on 10
randomly selected containers from the entire collection, which were utilized to
calculate thedapparent susceptibility of the samples by subtracting the
measured apparent MS from that of the empty sample container. The final y
and x were computed from the sample mass apparent susceptibility value and
either the/mass susceptibility coefficient or the volume susceptibility
coefficient, ‘as determined according to the manufacturer's guidelines
(Bartingtow; 2008). In this research only the y was utilized.

2.3. Statistical methods

This research employed various statistical methods, including standard
techniques such as descriptive statistics, distributions, and correlations, as
well as statistical tests like the Kolmogorov-Smirnov test and time-series
analysis methods which were applied to spatial data to determine if they
provide any potential supplementary insights.
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The employed descriptive statistics consist of standard metrics for a
dataset, including the computation of the mean, median, maximum and
minimum values, variance, coefficient of variation (CV), skewness, and
kurtosis. Analyzing data distributions provides insights into the variability of
the dataset, including the identification of potential outliers and the
visualization of the skewness and kurtosis of a given dataset’s distribution. In
addition to the data distributions, the cumulative distribution function (CDF)
was presented to visualize the data percentiles and facilitate the
interpretation of the Kolmogorov-Smirnov test.

Furthermore, this research utilized Hartigan’s dip test (Hartigam,and
Hartigan, 1985) to analyze the data regarding modality type. The dip test was
employed to determine the distribution type for each boréhole, specifically
determining whether the y values are unimodal or bimodal. The dip test was
conducted using the diptest library in Python, which caleulates,two values: the
dip test statistic and the corresponding p-value. “Ihe, dip test statistic
quantifies the extent of deviation from unimodality;, while the p-value
evaluates the statistical significance concerningythe null hypothesis of
unimodality.

Correlation coefficients (CCs) aregeffective tools for evaluating the
strength and direction of the relationships between two datasets. This
research primarily utilized two correlation c¢eefficients: Pearson's correlation
coefficient (PCC) (Rodgers and Nicewander] 1988) and Spearman's correlation
coefficient (SCC) (Zar, 2005){ The PCC is the most widely employed CC,
quantifying the strength and“direction of an assumed linear relationship
between two variables.“/RCC prestimes that the datasets exhibit a linear
relationship and that/doth variables follow a normal distribution. Conversely,
SCC is a non-parametric CC that neither assumes normality of the variables
nor the nature ofthe relationship between them. This research employed both
CCs and conducted ateomparative analysis between them. Given that the two
employed CCs operate’under different assumptions, they will be used initially
to examine the nafure of the relationship between the individual boreholes
and to assess*the strength and direction of that relationship. If the two CCs
exhibit, divergent values, the SCC will be prioritized and carry greater
significance (see e.g., Schober et al., 2018).

The Kolmogorov-Smirnov (KS) test is a statistical method that compares
a dataset's distribution to a theoretical distribution (one-sample KS test)
(Cardoso and Galeno, 2023) or evaluates whether two datasets derive from the
same distribution (two-sample KS test). The KS test was employed to assess
whether the distribution of y data conforms to a normal distribution (Naimi
and Ayoubi, 2013; Ayoubi and Mirsaidi, 2019). This research employed the
two-sample KS test in two capacities: first, to assess whether individual two
boreholes originate from the same distribution, and second, to determine if a
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specific layer within a borehole derives from the same or a different
distribution compared to adjacent layers.

Time-series analysis methods comprise a set of statistical techniques
designed for datasets collected over time, typically under the assumption that
measurements were taken at uniform intervals (Velicer and Fava, 2003).
Time-series analysis includes a variety of statistical techniques, including
stationarity tests, various visualizations, transformations, and additional
methods that facilitate the analysis of time-dependent data (for reference on
different time- series analysis and forecasting techniques refer to/Hyndman
and Athanasopoulos, 2021). This research utilized stationarity testeifirst
difference analyses, and cumulative sum visualizations ( on _spatially-
dependent data.

Stationarity tests are employed in time-series analysis to determine
whether the dataset exhibits consistent statisticall properti€s over time,
specifically a stable mean and variance. The purposewof employing stationarity
tests for spatial data is to determine whether theydatasetréxhibits consistent
statistical properties across a spatial dimension, Specifically depth in this
question. Stationarity testing was performed using two methods: the
Augmented Dickey-Fuller (ADF) test (Bickeynand Fuller, 1979; Dickey and
Fuller, 1981) and the Kwiatkowski-Phillips-Schmidt-Shin (KPSS) test
(Kwiatkowski et al., 1992). In interpreting the ADF test, if the test statistic is
lower than the critical value at the specified significance level (e.g., 0.05), the
null hypothesis should be rejected in favor of the alternative hypothesis,
signifying that the data is statignary. If the test statistic exceeds the critical
value, the null hypothesi§,cannot bé rejected, indicating that the data is non-
stationary. In the KPSS test, fhe null hypothesis suggests that the data
exhibits stationarity, If the test statistic is less than the critical value at a
significance level’'0£,0.05, the null hypothesis remains, suggesting that the data
is stationary.4Should, the test statistic exceed the critical value, the null
hypothesis must'he rejected in favor of the alternative hypothesis, indicating
that the data is non~stationary. The dual testing approach was chosen because
the majority ofsresearchers (66.5%) conduct only a single test and exhibit
caution,whenyeonfronted with inconclusive results (Lyocsa et al., 2011).

THe first and second differences of time-dependent datasets are commonly
employed transformations to achieve stationarity when the original dataset is
non-stationary. The primary objective of the first difference of a dataset is to
de-trend, meaning to subtract any existing trend, thereby isolating only local
variations. The first-differenced dataset typically consists of data that
oscillates around the mean value, exhibiting only localized and rapid
fluctuations. This research examined the efficacy of the first difference
transformation and its corresponding representation for improving spatially-
dependent data, specifically y borehole data, and assessed whether they yield
additional insights beyond the original data.



8 ARNAUT et al.: STATISTICAL ANALYSIS OF MAGNETIC SUSCEPTIBILITY VARIATIONS...

Analogous to the first difference transformation and visual
representation, the cumulative sum (CUSUM) graph was utilized to assess its
advantages for spatially-dependent datasets. The CUSUM graph is frequently
used in quality control procedures to monitor the underlying mean of the
process. The primary characteristic of CUSUM graphs, as opposed to other
quality control graphs, is their capacity to swiftly identify minor changes
(Nenes and Tagaras, 2006). The CUSUM graph illustrates the deviation of
each data point in a sequence from a reference or predetermined value,
specifically the overall mean of the dataset. The interpretation of the, CUSUM
graph is straightforward; stable values indicate a stable underlying process,
while positive or negative values reflect upward or downward-trends 1n the
original dataset. Sudden fluctuations raise notion of a local%amemaly or a
significant deviation from the overall mean of the original dataset. In this
study, the CUSUM graph was similarly evaluated for i1ts{applicability to
spatially-dependent datasets, specifically x borehole mieagsurements.

The primary objective of employing time:-series amalysis methods on
spatially-dependent data is to determine whether méthods designed for time-
series datasets can yield novel insights into spatial data as well. In time-series
analysis, the methodologies employed in this, research require that temporal
observations be gathered at uniform time“imtervals. This research collects y
data at uniform spatial intervals of 10, cmy facilitating comprehensive data
sampling for qualitative application of time- series analysis techniques to
spatially- dependent data.

3. Results

S bhMeasurement validation

Measurementierification was conducted via two methods. Initially, after
every 10 measurements, corresponding to 1 meter, the repeated
measurements of the calibration sample yx were conducted (Fig. 2a).
Additiondllyy every” 10th measurement was repeated three times, and the
percentage/ difference was computed and presented (Fig. 2b-d). The
manufacturer's calibration value indicates 3133 X 10-> SI at a temperature of
22 °C\ TPhepcalibration check was conducted 12 times for boreholes RJ-1 and
RJ-2, and 15 times for borehole RJ-3 during the measurement process. All
three boreholes exhibit minimal deviations from the calibration sample, on the
order of 102 percent. Repeated measurements for all three boreholes exhibit
percentage discrepancies under 1.3% (Fig. 2 b, ¢, d). The dual validation of
samples rendered the measurements accurate and appropriate for subsequent
data processing and analysis.

The final dataset from the three tailing boreholes at the Rudnik mine
comprised a total of 356 measured MS data points. The initial borehole RJ-1
encompasses measurements from 1.3 m to 12 m, the second ranges from 0 m
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to 11.1 m, and the third extends from 0 m to 14.6 m. All three boreholes were
subjected to statistical tests and time-series analysis methods, resulting in
their depths being standardized. Each borehole for data analysis begins at 1.3
meters and concludes at 11.1 meters, yielding 99 data points per borehole,
totaling 297 data points across all three boreholes. The decision to eliminate
certain data from either the surface or deeper layers was made to ensure
uniform starting and ending depths for all three boreholes, thereby enabling
consistent data analysis across them.

a) Calibration measurements validation b) Borehole RJ-1 repeated measurements validation
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Figure 2. (a) Validation of measurements with the calibration sample; (b) Repeated calibration
measurements for borehole RJ-1; (c) Repeated calibration measurements for borehole RJ-2; (d)
Repeated calibration measurements for borehole RJ-3; D1- Percentage difference of the first
repeated measurement against the first measurement; D2- Percentage difference of the second
repeated measurement against the first measurement; D3- Percentage difference of the third
repeated measurement against the first measurement.
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3.2. Determination of potential zones of interest

For this research, zones of interest were delineated as areas where y
exhibits variations distinct from prior and subsequent measurements. Fig. 3
illustrates four zones of interest (ZI) across all three boreholes. Borehole RJ-1
reveals a singular zone of interest located at a depth ranging from 4 to 6 meters
derived based on a visual interpretation. Measurements taken prior to the 4-
meter mark indicate a minor downward trend, followed by a slight upward
trend in the 4 to 6-meter range, featuring a significant outlier just before the
6-meter mark. y values beyond the 6th meter mark exhibit a fluetuating
pattern characterized by a relatively rapid alternation between increased and
decreased y values. The highlighted area is compelling due to the sharp outlier
that begins prior to the 6th meter, potentially indicating anotable alteration
in x properties within the specified layer, while the 4Wexhibits”a subtle
increasing trend from the 4th meter onward.

Borehole RJ-2 exhibits two zones of interest, thefirst Ioéated between the
4th and 6th meters, and the second beyond the 10-meter mark. Analogous to
RdJ-1 at the fourth meter, y exhibits an upward tréend with two discernible
outliers. The second ZI exhibits a noticeable increase in y following the 10th
meter. The measurements between the twe ZI exhibit relatively stable
properties, with a significant outlier béing\the lower y value at approximately
the 9-meter mark.
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Magnetic Magnetic Magnetic
susceptibility susceptibility susceptibility
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Zones of interest based on visual inspection

Figure 3. Identification of zones of interest based on mass magnetic susceptibility measurements;
(a) Borehole RJ-1; (b) Borehole RJ-2; (c) Borehole Rd-3.
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Borehole RJ-3 displays a single ZI, similar to borehole RJ-1 which also
displays only one ZI. The difference between RJ-3 and RJ-1 is that within RdJ-
3 the ZI is located at a depth of 10 meters as opposed to RJ-1 where that ZI is
located between the 4th and 6th meter. The measurements of y prior to the 10th
meter exhibit relatively stable statistical characteristics with the exception
being the increase and subsequent decrease in x values between the 2nd and
4th meters, which are deemed to be slight local fluctuations and not interpreted
as a rapid deviation of MS

3.3. Intra-borehole statistical analysis

Descriptive statistics have been calculated and analyzed (for each of the
three boreholes (Table 1). Fig. 3 illustrates that the highest valuesjof x are
found within the material deposited at the location™ef /Jorehole RJ-2.
Descriptive statistics confirm that borehole RJ-2 exhibits the highest mean,
median, maximum value, range and variance. The GV _most effectively
illustrate the disparities in y variations among the three boreholes, with
borehole RJ-2 exhibiting the highest CV at approximately 69%, while
boreholes RJ-1 and RJ-3 display relatively similarp€Vs of 40% and 35%,
respectively (Table 1).

Table 1. Descriptive statistics of mass magnetie(susceptibility measurements.

Parameter/ Borehole RJ-1 RJ-2 RJ-3
Mean [x 107 m3/kg] 1.32 1.63 1.03
Median [X 107° m3/kg] 1.31 1.47 0.96
Min [¥ 10~ m3/kg] 0.13 0.29 0.34
Max [x 107® m3/kg] 3.23 5.81 3.08
Range [x"105° m3ikg] 3.10 5.52 2.74
Variardcey[x 10" md/kg] 0.27 1.26 0.13
CVal] 0.40 0.69 0.35
Skewness [/] 0.11 1.55 2.52
Kurtosis [/] 0.98 2.47 10.73

Descriptive statistics revealed the difference and similarities of the y
values among the three boreholes, while the distributions illustrated in Fig. 4
provide additional insight into these differences and similarities. Distributions
of boreholes RJ-1 and RJ-2 exhibit visual similarities, each displaying two
distinct peak values up to the first two meters indicating possible
multimodality. Borehole RJ-3 exhibits the highest skewness, as indicated by
the descriptive statistics and with a kurtosis parameter approximately five
times greater than that of the second highest, RJ-2 (Table 1). Hartigan's dip
test was utilized to assess the modality (unimodality or bimodality) of the
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borehole data distributions. The dip test results indicated that boreholes RdJ-1
and RdJ-3 are unimodal. Borehole RJ-2 exhibited a bimodal distribution,
indicating two mode values, thereby emphasizing its distinctions from
boreholes RJ-1 and RJ-3. The disparity between the CDFs of RJ-1 and RJ-2 is
more evident, as the horizontal spread between RJ-1 and RJ-3 is similar, while
RJ-2 exhibits a significantly greater horizontal spread. In both RJ-1 and Rd-3,
a limited number of data points are outliers (2 (above 2 X 106 m3/kg) and 4
(above approx. 1.9 x 10-¢ m3/kg), respectively), whereas RJ-2 exhibits a greater
quantity of data points in the higher percentile of y values (approx. 14)
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Figure 4. (a) Magnetic susceptibility distributions for boreholes RJ-1, RJ-2 and RJ-3; (b) Magnetic
susceptibility cumulative distribution functions for boreholes RJ-1, RJ-2 and RJ-3.

Subsequent analysis incorporated the KS test (Table 2), which aimed to
determine the extent of similarity among the three boreholes, specifically
identifying which boreholes originate from a similar data distribution. The
results indicated that boreholes RJ-1 and RJ-2 are mutually comparable,
whereas both RJ-1 and RdJ-2 are distinct from borehole RJ-3. If only the KS
test is interpreted the interpretation would indicate that the material in
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boreholes RJ-1 and RJ-2 are somewhat comparable, whereas borehole RJ-3 is
entirely dissimilar to the other two.

Table 2. Kolmogorov-Smirnov (KS) test for boreholes RJ-1, RJ-2 and RJ-3.

Borehole KS Statistic [/] KS p-value [/]
RJ-1 vs RJ-2 0.17 1.08 x10-1
RJ-1 vs RJ-3 0.45* 1.36 x10-9%
RJ-2 vs RJ-3 0.55* 7.26 X10-14%

*Significant differences

Subsequent analysis involved the utilization of CCs, specifically the PCC
and SCC, to assess the degree of similarity between the boreholes if the two
coefficients yield divergent outcomes. Fig. 5 presents corrélation matrices for
both PCC and SCC pertaining to the tree boreholes. The results for the three
boreholes demonstrate possibly a non-linear relationShip, as evidenced by the
significant disparity in PCC and SCC values. Furtheemoze, the SCC indicates
that the CCs among the boreholes are negligible tovweak, with the highest CC
of only 0.11 observed between RJ-2 and Rd-3.

Pearson Correlation Spearman Correlation

-0.063 -0.061

RJ-1

RJ-2

-0.32

-0.061 0.11

RJ-3

RF1  RF2 RJ3

Figure 5.4Pearson’s and Spearman’s correlation coefficients for boreholes RJ-1, RJ-2 and RJ-3.

Finallypall boreholes underwent stationarity testing (Table 3), revealing
that boreheles RJ-1 and RJ-3 are stationary according to both the ADF and
KPSS \tests, whereas borehole RdJ-2 exhibits non-stationary statistical
behavior, indicating that the mean and variance are not constant with depth.

Table 3. Stationarity testing of the boreholes.

ADF CV KPSS CV

Borehole ADF TS 5%] Interpretation KPSS TS 5%] Interpretation
RJ-1 -5.03 Stationary 0.25 Stationary
RJ-2 -1.62 -2.89 Non- 1.16 0.463 Non-

stationary stationary

RJ-3 -3.71 Stationary 0.43 Stationary
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3.4. Inter-borehole statistical analysis

The intra-borehole statistical analysis involved comparing the identified
Z1 with the layers preceding and succeeding them. Fig. 6 illustrates the
original data, the first difference, and the CUSUM of the y data for all three
boreholes. The first-difference data indicates that the highlighted ZI exhibit
the greatest variation within a specific borehole, underscoring that the most
significant variation across all borehole data occurs in this particular zone.
The CUSUM data indicates that for borehole RJ-1, a significant mean change
occurs twice within the ZI: first at the 4-meter mark, wheresa“general
downward trend transitions to a constant trend, and subsequently justbefore
the 6-meter mark, where the trend shifts to a generally increaging trajectory.
Borehole RJ-2 presents a simpler scenario with two change/points: one at the
4-meter mark and the other at the 10-meter mark, both situatéd at the
starting point of the ZI. The situation for borehole RJ=3 isWrelatively more
complex. The change-point associated with the ZI iridicates a transition from
an upward to a downward trend; however, withindheZI,'there exists another,
more significant change-point. The CUSUM graphfor RJ-3 also exhibits local
variation in y.

Borehole RJ-1 Borehole RJ-2 Borehole RJ-3
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Figure 6. (a) Original magnetic susceptibility data; (b) first difference of the magnetic
susceptibility data and (c) cumulative sum (CUSUM) of the magnetic susceptibility data.
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The intra-borehole analysis of the ZI layers, along with the adjacent
layers, specifically the preceding and succeeding MS layers, is presented in
Table 4. The ZI in RJ-1 is markedly different from both the preceding layer (2-
4 meters) and the subsequent layer (6-8 meters) according to the KS test. The
borehole RJ-2 indicates that the ZI layer, extending from 4 to 6 meters, is
distinct from the preceding layer (2-4 meters) but not dissimilar to the
subsequent layer (6-8 meters). The RJ-3 borehole indicates that the ZI layer is
not statistically distinct from the preceding layer. For the second ZI of borehole
RdJ-2 and the only ZI of borehole RJ-3, comparison to the subsequent deeper
layer was not possible as the layer in question represented the deépest in the
provided dataset.

Table 4. Intra-borehole analysis results.

Borehole Zone KS statistic KS p-value

Layer before

RJ-1 1 0.75 9.55E-06

RJ-2 1 1.00 1.45E-11

RJ-2 2 0.60 1.12E-03

RdJ-3 1 0.35 1.75E-01
Layer after

RJ-1 1 0.65 2.70E-04

RdJ-2 1 04 8.11E-02

4. Discussion and vetification with lithological data

The analysis wasconducted’in a "blind" manner, relying solely on y data
without incorporating additional borehole information such as lithological
data. Consequently, verifying the results with lithological data post-analysis
serves as an important validation and correlation process (Fig. 7).

In borehole RJ-1, the zone of interest is situated between 4 and 6 meters,
where a®maximum’value of y was identified. The maximum value pertains to
gray sands;which are differentiated from the preceding layer of gray-red sands
and theéwysubsequent layer of gray, slightly clayey sands. The KS test was
employed to analyze the layer in question, revealing its distinction from both
the preceding and subsequent layers, a finding supported by the lithology data.
The CUSUM graph for the ZI in RJ-1 demonstrates relatively stable values,
suggesting stability within the ZI until the peak value, approximately 5.7
meters in depth. The CUSUM graph after 5.7 meters in depth exhibits an
upward trend that persists until the 10t meter, where it transitions to a
downward trend upon encountering gray clayey sands.

The x values in RJ-2 exhibit relatively stable values until the 4th meter,
where a slight increase and two distinct peaks are observed. The peaks
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constitute a section of the gray, slightly clayey sand layer, which exhibits
distinct lithological characteristics compared to the preceding gray-red clayey
sand layer and the subsequent gray sand layer. The CUSUM graph is verified,
indicating stability at the 4-meter mark, which persists until the 10-meter
mark. The KS test indicated that the initial ZI in RJ-2 differed from the
preceding layer but not from the subsequent layer. The overall CUSUM value
decreases until the 4-meter mark, after which it relatively stabilizes until the
10-meter mark. In contrast to RJ-1, the 4-6 m ZI in RJ-2 shows no change point
detection by the CUSUM test, likely due to relatively higher variability of the
data within the 4-10 m depth interval. The overall mean of the fungction is not
significantly different between the 4-6m ZI in RJ-2 and the subsequent 6-10m
layer, which may explain why the KS test indicated that the initialtZl i RJ-2
differed from the shallower layer but not from the deeper layer. The second ZI
in borehole RJ-2 is indicated from the 10-meter mark%and )Jexhibited a
difference from the preceding layer according to thedKS test."Fhe shift from
gray sands to red-gray, slightly clayey sands exhibited an elévation in y and a
changepoint in the CUSUM graph. Likewise, another intéeresting ZI can be
examined prior; however, it was excluded from ‘this analysis due to its
relatively thin layer, specifically the red sands between 9.1 and 9.2 meters,
where the y significantly decreases in value.

Borehole RJ-3 exhibits localized fluctuations in the CUSUM value, as
previously noted, which are attributed toted and red-gray sands. Subsequent
to the initial minor fluctuations, the y values remain relatively stable,
exhibiting no abrupt increases, or~decreases. Following the 10-meter mark,
similarly to borehole RJ-2, the ywaldes exhibit a sudden increase (Fig. 7.b,c),
which can be attributed.to'the deeper layers of gray sands. This layer was not
significantly different from ‘th€ preceding layer according to the KS test;
however, it exhibits some interesting properties for further research.

The statistical Wanalysis conducted in this research paper yielded
inconsistent results that were challenging to interpret. The analysis of ZI
indicateg’that the three boreholes may exhibit similarities, as both RJ-1 and
RJ-2 showelevated values at the 4—6-meter depth, and RJ-2 and RJ-3 at the
10+ ‘meter depth. Subsequent analysis utilizing descriptive statistics and
distributions revealed more differences than similarities, particularly evident
in the skewness and kurtosis parameters, and notably in Hartigan’s dip test,
which indicated different results for RJ-1 and RJ-2 despite their apparent
similarity.

The bimodality of the RJ-2 borehole may be associated with two ZI’s, both
exhibiting elevated y values, signifying an increase in heavy metal content
within the specified layer. The MS method is limited in its ability to
differentiate the composition of the two ZI’s, necessitating further geochemical
or mineralogical analysis for that task.
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Figure 7. Verification with lithelogical data; (a) Borehole RJ-1; (b) Borehole RJ-2 and (c) Borehole
RJ-3

The KS testwas employed to compare the y values among the three
boreholes to determine whéther they originate from the same distribution i.e.,
population. Pheymaterial comprising the three boreholes originates from the
same spatial areapspecifically from the Rudnik mine; however, the deposition
of this miaterial is the primary focus of this research. Based exclusively on the
descriptivelstatistics and distributions, it can be assumed that RJ-1 and RJ-3
are comparable, while RJ-2 is the outlier. However, the KS test yielded
contragting results, indicating that both RJ-1 and RJ-2 are dissimilar to RdJ-3,
while RJ-1 and RJ-2 are mutually similar.

The application of the PCC and SCC to establish a similarity index
between boreholes revealed minimal correlation values in both instances,
thereby indicating a low spatial correlation among the boreholes. Moreover,
the calculation of both the PCC and SCC reveals that, due to the differing
values obtained, a strictly linear relationship cannot be assumed. This is
expected, as the PCC solely quantifies the intensity of the linear relationship
between two variables. The remaining possibilities are that the boreholes
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display a non-linear correlation or that there is minimal to no correlation
between them. Considering the characteristics of the deposited material, the
latter interpretation appears more credible- indicating an absence of
significant correlation between the materials in the examined boreholes.

The earlier discussion illustrates challenges in applying geological or
statistical interpretations to anthropogenically deposited materials such as
mine tailings where the deposited material is not formed through natural
geological processes yet it is a result of human mining activities. The analysis
indicates that there is minimal confidence in concluding that any of'the three
boreholes exhibit overall similarities. Certain potential ZI's may“belacally
perceived as comparable between boreholes, exemplified by RJt1 and RJ-2, as
well as RJ-2 (second ZI) and RJ-3; however, the overall analysis suggests that
the interpretation of mutual similarity among boreholé€syis/minimal. This
appears to be the only possible interpretation as the mifiing operation and the
subsequent deposition of tailing material occur arbitraxily.’The extracted
material undergoes processing, and its subsequent deposition is characterized
as arbitrary due to intermixing during both the pfocessing and deposition
phases of the mining operation.

Additionally, the interpretation of,the ‘stationarity results regarding
tailing boreholes could potentially reveal that stationary boreholes (RJ-1 and
RdJ-3) exhibited comparatively uniform deposition, whereas the non-stationary
borehole (RJ-2) demonstrated greater variability in material, as also evidenced
by the highest CV parametér, suggesting episodic or mixed depositional
processes. This interpretation may also be associated with possessing two ZI’s,
sharing one with both RJ-l (4—6-meéter ZI) and RJ-3 (10+ meter).

The results regarding the” secondary objective of this research, which
involves testing various time-series analysis methods for spatially-dependent
data, are also/ambiguous. The first-difference graph emphasizes areas of
significant fluetuation” in the y data; however, it does not convey
supplementary information compared to the original data. The CUSUM graph
offers a€ompelling'method to visualize and monitor data fluctuations from the
mean, demonstrating potential for further application in spatially-dependent
datasetsmbut further data is needed in order to completely gauge the
effectiveness of the CUSUM graph. Finally, stationarity tests provide
interesting results, indicating that the mean and variance remain constant
across the spatial index of a dataset; however, additional research is necessary
to confidently apply these tests to spatial data and to efficiently define the area
where stationarity test can be best utilized.

The future possibilities for the broader application of MS and statistical
methods in the characterization of tailing materials appear promising. The
literature review demonstrated that the effective implementation of the MS
method across various environmental contexts necessitating the spatial
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distribution of heavy metals yielded promising outcomes in terms of cost
efficiency and the time taken to produce results. The presented methodology
may potentially reduce the sample range concerning geochemical and
mineralogical analyses. This can be achieved by performing y measurements
to refine the geochemical and mineralogical samples to those exhibiting high
x values and statistical significance, indicating that the layer in question
differs from neighboring layers.

5. Conclusion

This paper provides a statistical analysis of tailings material from*three
boreholes at the Rudnik mine in the Republic of Serbia, highlighting the
identification and spatial distribution of heavy metals through magnetic
susceptibility (MS) measurements. The research objectivesiwere towdssess the
material similarity between boreholes, identify potential, zones of elevated y,
and evaluate various statistical methods on spatially-dependent datasets.

The comparison and correlation of y resultstamong the three boreholes
was difficult due to the heterogeneous and anthropogenic characteristics of the
tailings deposits. Although localized areas of intérest exhibited certain
similarities, the data revealed a predominantly irregular and arbitrary
deposition and distribution pattern. The optimal approach was to interpret the
material as containing some locally similar zones of interest, yet being
predominantly arbitrarily deposited.

Nonetheless, the statistical/'analysis effectively identified areas with
heightened MS values with quantifiable confidence. These results establish a
robust foundation for further focused geochemical and mineralogical studies,
but more MS data i$ neededyt6 further refine the methods and display the
weaknesses and uge eases in different situations

The utilization of,time-series analysis techniques on spatially-dependent
data yielded interesting yet partial results. The first-difference transformation
and visualization graph conveyed information that was also readily observable
in the origimaldataset graph. The cumulative sum graph offered an innovative
method, to 1llustrate the dataset's fluctuations relative to a specified mean
value 'ad to highlight significant change points. Ultimately, stationarity tests
may be, beneficial in the future for assessing whether the dataset exhibits
consistent statistical properties throughout the spatial domain and is
potentially the most promising applied statistical method

This study underscores the inherent complexity of tailings
characterization and illustrates the utility of combining statistical and
geophysical methods to identify economically and environmentally significant
secondary resources in mining waste. Such methodologies facilitate more
sustainable and informed practices in tailings management.
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Mining tailings present considerable environmental challenges, but
innovative strategies for repurposing tailings material offer a promising
solution to transform mining waste into valuable resources. MS measurements
provide a rapid, simple, and cost-effective technique for detecting the presence
and distribution of heavy metals in tailings and thus future research will
concentrate on further applying statistical tools to the MS measurements to
gather more valuable information from the acquired data.
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SAZETAK

Statisticka analiza varijacija magnetske susceptibilnosti u
flotacijskoj jalovini rudnika Rudnik, Republika Srbija

Filip Arnaut, Vesna Cvetkov, Stefan Petrovié, Nikola Stankovié,
Viadimir Simié i Dimitry Sidorotv™Biryukov

Rudnicke jalovine sve se vise prepoznaju kao “potencijalno vrijedni izvori
mineralnih sirovina. Ovo istrazivanje primjenjuje analizu magnetske susceptibilnosti
na tri busotine u flotacijskom jalovistu s odlagalista rudnika olova i cinka Rudnik u
Srbiji. Uzorci su prikupljeni na malim prostérAimsrazmacima (10 cm), $to je omogucilo
primjenu razliCitih statistickih metoda“ma debivenom skupu podataka. Rezultati
pokazuju da se medusobna slicnost izmeduybusotina ne moze statisticki znacajno
utvrditi; medutim, odredene zone dzmedu busétina pokazuju odredene slicnosti. Te
varijacije se pripisuju antropogénom deponiranju, gdje su lokalni materijali bili
izmijesani 1 nasumicno odlagani tokém eksploatacije i prerade, Sto onemogucéava jasne
statisticke korelacije. Studija identificira kljucne zone od interesa u sve tri busotine za
dalja geokemijska i mineraloska istrazivanja.

Kljucne rijeci: Prostorne analiza, magnetski susceptibilitet, antropogeno taloZenje,
geostatistika, jalovinayrectkliranje jalovine
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